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=
�

�
QA′.AA′

�

�
DD′.AP

= (
QA′

DD′
).(

AA′

AP
) =

�

�
.
�

�
=
�

�

SA′B′C′D′

S �
AQA′

=
A′B′.A′B′
�

�
AA′.QA′

= �(
A′B′

AA′
).(

A′B′

QA′
) = �× �× � = �

⇒
S �

ADP

SABCD
×

S �
AQA′

S �
ADP

× SA′B′C′D′

S �
AQA′

=
�

�
× �

�
× �

⇒ SA′B′C′D′

SABCD
=
�

�

m\����# �	
��,� 
&) �$
n�n# 	
;$� )� 6g

sin(x) sin(��◦ − x) = sin x. cosx =
�

�
sin�x

m
Q� \&��	 �B�

M = sin�◦ × sin�◦ × sin�◦ × . . . × sin��◦

= (sin�◦ × sin��◦) × (sin�◦ × sin��◦) × . . . × (sin��◦ × sin��◦) × sin��◦

= (
�

�
sin�◦) × (

�

�
sin�◦) × . . . × (

�

�
sin��◦) ×

√
�

�

=

√
�

���
× (sin�◦ × sin��◦) × . . . × (sin��◦ × sin��◦)
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=

√
�

���
× (

�

�
sin�◦) × (

�

�
sin�◦) × . . . × (

�

�
sin��◦)

=

√
�

���
× (sin�◦ × sin�◦ × . . . × sin��◦)

=

√
�

���
× (sin�◦ × sin��◦ × sin��◦) × (sin�◦ × sin��◦ × sin��◦)

× . . . × (sin��◦ × sin��◦ × sin��◦) × (sin�	◦)

m\&��	 �7
s )�

sinx. sin(	�− x). sin(	� + x) =
�

�
sin�x

m![��� �	
M =

√
�

���
× �

��
×

√
�

�
× [sin��◦ × sin��◦ × . . . × sin��◦]

=

√
�

���
(sin��◦ × sin��◦ × sin
�◦)(sin��◦ × sin��◦ × sin��◦) sin�	◦

=

√
�

���
×

√
�

�
× �

��
(sin��◦ × sin
�◦) =

√
��

���
× sin��◦ × sin
�◦

�	� � ��� � # � 	
 � ! V ,
 ; # 2 � � �� sin
�◦ � sin�	◦ ��� $� # ! � V ��
6	�	 ��
0 
A* !'P��� �	 �� 
-�*

x = y ⇒ f(�) = f(x)� − f(x)� = � ⇒ f(�) = � 6j
x = �⇒ f(−y�) = −f(y)� (�)

y = �⇒ f(x�) = f(x)� (�)

v < �, u > � !� ���
� ����8 	�� �	 u, v ���� o
7
m\&��	 −y� = v � x� = u o
7 
�

f(u + v) = f(u) + f(v)

m\&��	 uRv � u�v q���� GVs ���_��

f(−u) = −f(
√

u)� = −f(u)

m\&��	 u ≥ � 
Q� I
8

u = �u− u
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m5D

f(u) = f(�u)− f(u)⇒ f(�u) = �f(u)

m!� 	
� /�
c ���$�# �
��,� F�� !�

f(nu) = nf(u) (�)

6/,� ��
0
� 2�� u < � ��)� !� 
�A� !'P��� !� /,� OT�� �

∀n ∈ Z : f(n) = nf(�)

m\&��	  \&��BL� �
n

 uSv !'P��� �	 u �
( !� 
Q�

f(
�

n
) =

f(�)
n

6 f(r) = rf(�)  
&�Q r 
� ��
� 5D
!� � /,� GVP�# g(x) = ax Y�
$ 
� 
&�Q .
�� 3
�$ �	 f Y�
$  f(�) = a \��� o
7 
Q�

6/,� f = g  f �	�� !�,��D 
s
A

⇒ f(x) = ax⇒ f(x�) = f(x)� ⇒ ax� = a�x� ⇒ a =

⎧⎨
⎩

� ⇒ f(x) = �


&
� ⇒ f(x) = x

m\����# �,�
� /�
8 !, �	 �� !�
'"# 6k

<��( F& 	�BL� !P�� �&� )� !� �PA 
� ���
� GVP�# \� 
� !P�� !, 
� 
Q� ea

6/,� \,� W�
0 
r� 	��# /�>
A 
� qA /&
-��� �&�
�
�� 6/,�

6/,� !�
'"# <��( qA /&
-��� 2�� ���
� GVP�# \� 
� !P�� �	 
Q� eb

6/,� !�
'"# <��( 	���# W>� C !� A )� !� �PA  ���
� 2&
��# C � B � A 
Q� ec

!' ;�> � P� 
� �� L� � L� )� ����BQ !' ;�>  .�PA 
n���8 	��+$ ���+$ ��
� I
8
5D  	��	 G�+$ !;�> �	 
� !� B ��E 6\��	�# �&
�� P� 
� �� L� � L� )� ����BQ
��E  	���� �
�#� I�� .
� 6����	 L ��E ��
�1# W:7 
& ���GVP�# \� 
� 
& P� � P�


� L 
Q� 6/,� o
7 a@A !� ��
�Q�# ��
0 !;�> F& �	 qA �
-E %��> �* �	
6/,� !�
'"# <��( F& 2�� L �
L�*  ��
V� �)��# L� � L� .�PA

a
s )� 6��
� !�
'"# <��( ����$��� L �
L�* ��
� �)��# qA �	 �&� )� ��& 
� L 
Q�




��� ������ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �f


� ����$��� ����# W>� \� !� �� C � A !� �PA � L 2( �
L&	 qA 9�� 
L&	
�	 6/,� Y0�� P� !';�> �	  	�BL� A )� �PA ���E 
Q� �
&) �&
�� YP0 �� qA �
-E
P� !� G�+�# B ��E ��
� B′ !' P�� L� qA 
� qA �&� Ys
�$ W;# 
Q� %��> �&�
! [ � � � �	 � � � �"� P� ��� L� qA !' P � � �	 5 D 	��	 G � + $ P� ! � 2 � � B′ � / ,�
	
� /�
c ���$�# J�$
$ ���� !� 6/,� o
7 a@A !� ���!;�> F& �	 L�, L�, L�

6/,� AC �
�� o�
�# qA 5D  	�BL� �&
� 2�� C )� qA �&� !�



� ���


��� �����

���� �	
����


���� ���

m�+�Vs n � m 
� ��
� ���	 �
1� uK�� 6�

n∑
k=�

k(k + �) . . . (k + m− �) =
n(n + �) . . . (n + m)

m + �

!� ��0� ���	 �
1�  ��
� 
&�Q J&�
T 
� m !'(�	 )� ��!��( ��E F& P (x) 
Q� u<
 ��� W�# /&
-��� /�, !� n

∑n
k=� P (k)
nm+�

6/,� �8 ����	

2�
# O � BD 
P0 q,� J � AC 
P0 q,� I  ABCD �P�;# �+�T �
-E �	 
Q� 6R
6���"� /#
��,� F& 
� O � J � I .
�� ���� /�
c  ��
� �+�T �
-E �	 .
;# �'
&�	

�h




��� ����� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Rl

N !� u�+�Vs 	���� !' ���[#v N )� f ���
# 
��D Y�
$ 
-�$  ��
�� Y�
$ !� ���� /�
c 6S
m.
� �	 !� /,�

f(f(n) + f(m)) = n + m (n, m ∈ N)

6����# t�>

m/,� ��� K&
+$ ���E {an} !' �
V�	 6g

an =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�

�
n = �
Q�

(
�n− �
�n

) an−� n ≥ �
Q�

6
n∑

k=�

ak < �, n ≥ � 
� ��)� !� ���� /�
c

hc  hb  ha 
� �� W�
�# !(� 
� `�'� 
� )� 	��� �
�p
�$�� ABCD �-(� �
-E �	 
Q� 6j
m���� /�
c  \��	 �&
�� hd �

�

ha
<
�

hb
+
�

hc
+
�

hd

F& 
� ����BQ �
�� 
� !� ���o�
�# /�>
A �&� 
� /Vn# �
&�Q 	�� ��	�n 	��+$ 6k
W>
8 !� 	
� \�"�$ u	��+$ 
r� )�v ��
"# !' �,	 �Skf !� ���$�# �� !��� 	���� �&� )�

6�����
"# 	���� �&� 3
�$ ���� /�
c 6��
� �
"�& !�,	 
� �	 	���� 3
�$ <
T
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���� ���� ���

m\&��	 eK�� 6�

k(k + �) . . . (k + m− �) = k(k + �) . . .× (k + m− �)× (k + m)− (k − �)
m + �

= ([k(k + �) . . . (k + m)]− [(k − �)k × . . .× (k + m− �)])× �

m + �

 ! ��
 � W A�	 �
 �%�
 V �  	� �� # ! � " � 
 � L � , � � 0� � &�
 �
 � �
6�� �����A �	
, 
L&��& 
� �
�# �	 ��&

⇒
n∑

k=�

k(k + �) . . . (k + m− �) =
�

m + �
[n(n + �)× . . . (n + m)− �]

=
n(n + �)× . . .× (n + m)

m + �

e<

6/,� m + � 
��
�
n∑

k=�

P (k) �	 n ���$ �&
�Q�2� !� \��	�# �
1� �����

�� m !' (�	 )� ��! ��( ��E 
� !� /,� OT�� 6/,� m ! � /V" � �
 � �,� 
 � %
 V c�
%��> !� ���$�#

ax(x + �) . . . (x + m− �) + Pm−�(x)

m− � 
n���8 !' (�	 )� ��!��( ��E Pm−� � /�
c /,� �	�� a �* �	 !� /���
6/,�

m![��� �	 � /,� (a 
= �)ax + b %��>!� P (x) �
L�* m = � 
Q� I
8

P (�) + P (�) + . . . + P (n) = a(�+ �+ . . . + n) + nb = a
n(n + �)

�
+ nb

m![��� �	 � /,� m + � = �  n !� /V"� �* !'(�	 !� /,� OT��

lim
n→∞

n∑
k=�

P (k)

n�
=

a

�
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m�
L�* ��
� ��
0
� m )� 
��� !'(�	 
� �&
���!��( ��E 	��# �	 t�7 \�8 
Q�

Pm(x) = ax(x + �)× . . .× (x + m− �) + Pm−�(x)

m�&�
�
��
n∑

k=�

P (k) = a

n∑
k=�

k(k + �) . . . (k + m− �) +
n∑

k=�

Pm−�(k)

uK��v 
�
�� I�� !' ��( � /,� m 
��
� n ���$ 
n���8 �
��,� o
7 
�
�� 3�	 !' ��( �	
m
��
�

a

m + �
n(n + �) . . . (n + m− �)

m�&�
�
�� � /,� m + � �* �	 n ���$ !� /,�

lim
n→∞

n∑
k=�

P (k)

nm+�
=

a

m + �

6/,� 	�(�#

!���	 !� ���s!�  ABCD �+�T�
-E !' ;�> �	 P ���
# �s
�� �,��� �
�# m\� 6R
m\��
�

S �
PAB

+ S �
DPC

= S �
APD

+ S �
BPC

u������A �'�-� !� %
Vc�v 6	�BQ�# BD � AC 
P0 �	 q,� )� !� /,� �PA

A

B

CD

M

N
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m!� /,� �-&��
S �

ABJ
= S �

AJD

S �
JDC

= S �
JCB

⎫⎪⎬
⎪⎭⇒ S �

AJB
+ S �

DJC
= S �

AJD
+ S �

BJC

m!�
1# ^�� !�

S �
AIB

+ S �
DIC

= S �
AID

+ S �
BIC

A
B

CD

J
I

O

m\&��	 ��
� �s
;# �
&�	 p
+� r 
Q�

S �
AOB

+ S �
DOC

=
r

�
(AB + DC)

S �
AOD

+ S �
BOC

= r
�
(AD + BC)

/,� �P�;# �+�T�
-EABCD ⇒ AB + DC = AD + BC

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

⇒ S �
AOB

+ S �
DOC

= S �
AOD

+ S �
BOC

J, O, I ��+& �����# t�> t�7 y\�z !� .��
# /�>
A �	 J, O, I !'P�� !, 
� �&�
�
��
6���qA\�

6\����# �,�
� �� Y�
$ ��& !� F& ����� ���� �� 
�� 6S

f(m) = f(n)⇒ f(f(m) + f(n)) = f(f(n) + f(n))

⇒ m + n = n + n ⇒ m = n
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m!� \����# o
7 ����� 6/,� F& !� F& Y�
$ 5D
f(�) = a > �

⇒ a = s + t !� s, t ∈ N

⇒ f(f(s) + f(t)) = s + t = a = f(�)

⇒ f(f(s) + f(t)) = f(�)
��� �� �� ��	−→ f(s) + f(t) = �

	� � �	 Y � ( �
 Q9 � � � � � � " � f(t), f(s) ∈ N ! � \ � ��	� # 
 #�
6	����� F&  �+�Vs

6/,� f(�) = � 5D 6/,� a = � !� \&
�Q�# ![��� ��#* 	�(�� {0
�$ )�
6/,� f(n) = n !� /,� �-&�� �
��,� F�� !� I
8

m!� \����# /�
c ����� ���� �� 
��

∀n ≥ �⇒ f(n) ≥ �

f Y �
 $ ! � 
 (�* )� � �, n − � ∈ N, n = (n − �) + � �
 L �* � �
 � n ≥ � 
 Q� I
 8
m!� ����	 	�(� β, α ���
# �+�Vs �	���� 5D /,
��D

f(α) = n− � , f(β) = �

m�&�
�
��

f(n) = f((n− �) + �) = f(f(α) + f(β)) = α + β ⇒ f(n) = α + β

m5D /,� α + β ≥ � �B� ��� α, β ∈ N �

∀n ≥ �⇒ f(n) ≥ � (�)

6/,� f(�) = � !� /7
Q ![��� ���$�# u�v !'P��� )�
6/,� f(n) = n !� /,� �-&�� �
��,� 
� I
8

!� 	���# ![��� !�>
7@� an = (
�n− �
�n

)an−� !'P��� )� 6g

�k × ak = (�k − �)× ak−� (k ≥ �)
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⇒ ak−� = (�k − �)ak−� − �k × ak

⇒
n∑

k=�

ak =
n+�∑
k=�

ak−� =
n+�∑
k=�

[(�k − �)ak−� − �kak]

⇒
n∑

k=�

ak = �a� − �(n + �)an+� = �− �(n + �)an+�

m!� /,� OT�� �
��,� q,�$

∀ ∈ N : an > �

m5D
n∑

k=�

ak = �− �(n + �)an+� < �

� &
 � � 
 &) �
 �%�� >! � �� 
 �! (� )� F & 
 � / 8
 " # ABCD � - (��
 - E �	 6j
m\��	�#

S �
ABC

= Sd , S �
ABD

= Sc , S �
ACD

= Sb , S �
BCD

= Sa

m/��	 \����A \��	 �&
�� V 
� �� 3
� \[8 
Q� I
8

�

�
Saha =

�

�
Sbhb =

�

�
Schc =

�

�
Sdhd = V

m\&��	 �� �&� )�

Sd =
�V

hd
, Sc =

�V

hc
, Sb =

�V

hb
, Sa =

�V

ha

6/,� Sa < Sb + Sc + Sd !� \����# /�
c I
8
WA�	 �	 H !� ���
8 �	 6\����# \,� BCD !(� 
� �� AH p
�$�� A )� %
Vc� ��
�
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BC I
& 
� �� HK 	��� H )� � �	
� W>� D, C, B `�N� !� �� H  ��
� BCD X�n#
5D  AH⊥BCD �
&) /,� 	��� BC 
� AK 6\����# W>� A !� K )� 6\����# \,�
AH qA �	 AHK !';�> �	  
L&	 �
�� !� 6AHK⊥BC 5D HK⊥BC � AH⊥BC

.�PA !'��� 
� ![��� �	 � /,� 	��� AHK !';�> 
� BC 5D ��	��� BC 
� HK �
6/,� 	��� AK 
� x�:A!� � �*

m\&��	 �7
s )�

S �
ABC

= Sd =
AK.BC

�
, S �

HBC
=

KH.BC

�

! [ � � � �	 � AK > KH 5 D 6/ ,� 
 $� AK  AHK !' &��2 ��\ N
 0 X � n # �	 
 #�
m!� 	���# /�
c !�
1# ^�� !� 6Sd > SHBC

{
Sb > SHCD

Sc > SHBD

m\&��	 ��
"#
� !, �&� Y�( )�

Sa < Sb + Sc + Sd

⇒ �V

ha
<
�V

hb
+
�V

hc
+
�V

hd
⇒ �

ha
<
�

hb
+
�

hc
+
�

hd

H ! � � � �
 8 �	 6� �
 � BCD X � n # W A�	 �	 H ! � 	� � � � �
 8 � &�
Ys
�$ W;# �� L � ��
� BC a
s �	 H \����# o
7  ��
� BCD X�n# )� |�
A

6\&
�Q�# HD � BC

m/��	 \����A
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